ONE AND TWO WEIGHT NORM INEQUALITIES FOR RIESZ 

POTENTIALS 



DAVID CRUZ-URIBE, SFO AND KABE MOEN 



Abstract. Wc consider weighted norm inequalities for the Riesz potentials I a , 
also referred to as fractional integral operators. First we prove mixed Ap-A^ type 
estimates in the spirit of [13, 15, 17]. Then we prove strong and weak type in- 
equalities in the case p < q using the so-called log bump conditions. These results 
complement the strong type inequalities of Perez [30] and answer a conjecture 
from [3]. For both sets of results our main tool is a corona decomposition adapted 
to fractional averages. 

1. Introduction 

In this paper we prove one and two weight norm inequalities for the Riesz potentials 
(also referred to as fractional integral operators): 

I a f(x) = I , — , < a < n. 

jR n \ x y\ 



Each of our results is analogous to a corresponding result for Calderon-Zygmund 
operators, and so our work parallels recent development in the study of sharp one 
and two weight norm inequalities for these operators. Our results are linked by a 
common technique that also originated in the study of singular integrals: a corona 
decomposition adapted to the fractional case. 

The natural scaling of the operator I a shows that if I a : L p (M. n ) — > L q (R n ), then p 
and q must satisfy the Sobolev relationship 

(i) --- = -, 

p q n 

and so this is a natural condition to assume when studying one weight inequalities. 
Muckenhoupt and Wheeden [28] proved the following result. 
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Theorem 1.1. Given a, < a < n andp, 1 < p < n/a, define q by (1). Then the 
following are equivalent: 

(1) we A p>q : 

Ma>,« = SU P \ J~ w(x) q dx^j yj- w(x)~ p dx^j < oo; 

(2) I a satisfies the weak type inequality 

sup t\\wx{x:\i a f(x)\>t}\\ q < C||/«;||p; 
t 

(3) I a satisfies the strong type inequality 

\\(Iaf)w\\ q <C\\fw\\ p . 

More recently, the second author with Lacey, Perez and Torres [20] proved sharp 
bounds for these inequalities in terms of the [wU P ,, constant. This question was 
motivated by the corresponding problem for Calderon-Zygmund singular integrals, 
which has been studied intensively for more than a decade, and was recently solved 
in full generality by Hytonen [12]. For the complete history of the problem we also 
refer the reader to [2, 18, 22, 24, 32] and the references they contain. 

The problem of sharp constants for Riesz potentials is more tractable if we re- 
formulate Theorem 1.1 in terms of the Muckenhoupt A p weights. Recall that for 
1 < p < oo, w G A p if 

p-i 



[w\ Ap = sup 



w{x) dx) [4- w{x) 1 p dx ) < oo. 



Q 



Let u = w q and a = w v> and define the function s(-) by 

s(p) := 1 + — = gfl =p[- 



p \ n/ \n — ap/ 

Note that it follows at once from this that s(p)' = s(q'). Then it is straightforward 
to show that the following are equivalent: w £ A p<q , u £ A s u>\ and o £ A s r q >), and 

W%, q = Ma s(p) = [o\a, W) - 

Moreover, by a change of variables we can restate the weak and strong type inequal- 
ities in terms of u and a: 

(2) \\Ia(f0-)\\ L ,~ {u) <\\f\\ LP{(7) 

and 

(3) \\Ia(fv)\\mu) < 



(«) rO II J \\LP(a) 
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(This formulation has the advantage that it makes the connection between the one 
and two weight inequalities more natural: see below.) It was shown in [20] that 

( 4 ) \\Ia(-(?)\\LP(a)^L*,°°(u) < [«]a~J } 

and 



II i \ 1 1 ^ r ll-- r n l~- r ! ( 1 ~ ~ ) Hiaxfl, 2- ) 

(5) \\U-<r)\\ LP{ ^ Lq{u) < [u} A ^ + [o] A ^ ~ '« J . 

Our first result is an improvement of these inequalities. It is again motivated by 
the corresponding problem for Calderon-Zygmund operators: see [13, 15, 17]. There, 
a precise bound involving the A p constant and the smaller Aoo constant was given. 
Recall that w G if 

M-Aoo — supexp ^J- — \og(w(x)) dx^j ^J- w(x) dx^j < oo. 

We have that w G if and only if w G A p for some p > 1, and 

(This limit was proved by Sbordone and Wik [38].) There are several equivalent 
definitions of the A^ condition (see [10]). One in particular has been shown to be 
very useful in the study of sharp constant problems. We say that a weight w G A'^ if 



Ma^o = SU P T7x{ [ m (Xqw){x) dx < oo, 
Q w{Q) Jo 



where M is the Hardy-Littlewood maximal operator. Independently, Fujii [8] and 
Wilson [42, 41] (also see [43]) showed that w G A^ if and only if w G A'^. Perez 
and Hytonen [15] showed that [w]a> x ^ Ma^, and in fact [w]a> can be substantially 
smaller. Using this definition we can state our result. 

Theorem 1.2. Given a, < a < n, and p, 1 < p < n/a, define q by (1). Let 
w G A VA and set u = w q and a = w~ p . Then 

i i 

and 

i 1 i 

WU-^Wl^l^u) < [u]l. J[u]Z + [a}l). 



Remark 1.3. Recently, Lerner [23] introduced a different approach to improving the 
sharp A p estimates for singular integrals using a mixed A p -A r condition, 1 < r < oo. 
He showed that this condition is not readily comparable to the Ap-A^ condition we 
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are using. It is an open question whether the corresponding conditions can be proved 
for Riesz potentials. 

We will actually prove Theorem 1.2 as a special case of a two weight result. Note 
that while we have assumed in inequalities (2) and (3) that u and a are linked via 
the weight w G A Ptq , we do not a priori have to assume this. We cannot completely 
decouple the weights u and a but we can weaken their connection. In this context 
it is natural to generalize the A p condition to hold for a pair of weights: we say 
(u, a) G A p if 

[it, o\a v = sup yj- u(x) dx^j yj- a(x) dx^j < oo. 

It is well known that this condition is necessary for many two weight inequalities, but 
not sufficient. For example, (it, a) G A p is necessary for (2). However, if we assume 
that u and/or a are in A^, then it is sufficient, and we can generalize Theorem 1.2 
as follows. 

Theorem 1.4. Given a, < a < n, and p, 1 < p < n/a, define q by (1). Suppose 
(u,o~) is a pair of weights with [u,cr} As{p) < oo. If u G A^, then 

i i 

\\I a (-Cr)\\LP(a)^L^(u) < Kff]l s(p) N^- 

Moreover, if both u and a belong to A^, then 

I 1 I 

<y)\\ L v { a)^{u) < Ml sCp) (M^ + Ml'J" 

Remark 1.5. To see that Theorem 1.4 does indeed generalize Theorem 1.2, set 

/ - \ 

u = w q and cr = w~ p . Then \u, a] q A = \a, u] P A and - + = 1 — -. 

L ' iA s( P ) L ' iA s( q ') q V n 

A non- quantitative version of this result was implicit in Perez [30]. In the study 
of two weight norm inequalities for singular integrals, it has long been part of the 
folklore that assuming (u, v) G A p with the additional hypothesis that u and o are 
in Aoo is a sufficient condition. This was implicit in Neugebauer [29] and was the 
motivation for results by Fujii [9], Leckband [21], and Rakotondratsimba [33]. The 
sharp analog of Theorem 1.4 for singular integrals is due to Hytonen and Lacey [13]. 

If we drop the assumption that u and a are A^ weights, we need to assume a 
stronger condition than two weight A p for norm inequalities to hold. However, when 
working in this generality we no longer have to assume that p and q satisfy the 
Sobolev relationship (1). Instead, we only assume that p < q. (The case q < p is 
much more difficult; see, for instance, Verbitsky [40].) In this case the weights for 
the weak and strong type inequalities were characterized by Sawyer [35, 36]. 
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Theorem 1.6. Given a, < a < n, and p, q, 1 < p < q < oo, the weak type 
inequality (2) holds if and only if for every cube Q, 

( r \ 1,q { r x 1/p 

(6) (J I a (x Q <j)(x) q u(x)dxj < (J a(x)dx 

The strong type inequality (3) holds if and only if for every cube Q, inequality (6) 
holds and 

/ r \ W / r \ W 

(7) l^j I a (x Q u)(x) p a(x)dxj < ^J^u(x)dx 

While necessary and sufficient, the so-called testing conditions in Theorem 1.6 
have the drawback that they involve the Riesz potential itself. Another approach is 
to find sharp sufficient conditions that resemble the A VA condition of Muckenhoupt 
and Wheeden. This approach was introduced by Perez [31, 30] and involves replacing 
the local L p norm with a larger norm in the scale of Orlicz spaces. 

To state these results we need to make some preliminary definitions. A Young 
function is a function $ : [0, oo) — > [0, oo) that is continuous, convex and strictly 
increasing, $(0) = and $(t)/t — > oo as t — > oo. Given a cube Q we define the 
localized Luxemburg norm by 

\\f\W, Q = inf{\>0:f $(^-^\dx<l 
When $(t) = t p , 1 < p < oo, we write 



The associate function of $ is the Young function 

<l(t) = sup{st - $(s)}. 

s>0 

Note that $ = $. A Young function $ satisfies the B p condition if for some c > 0, 

dt 



tP t 



< oo. 



Important examples of such functions are $(£) = t sp , s < 1, whose associate function 
is A(t) = t( sp ) , and <3>(i) = t p log(e + t)~ 1 ~ e , e > 0, which have associate functions 
$(t) ~ t p log(e + t) p ~ 1+<5 ) S > 0. We refer to these associate functions as power 
bumps and log bumps. 

Perez proved the following strong type inequality. 
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Theorem 1.7. Given a, < a < n, and p, q, 1 < p < q < oo, the strong type 
inequality (3) holds for every pair of weights (u, a) that satisfy 

.oil—A 1 1 

(8) sup|(5| n « "Ip'Ik.olk^lk.Q < °°, 

Q 

where $, \l/ are Young functions such that $ G B q * and ^> G B p . 

The corresponding two weight result for singular integrals (with p = q and a = 0) 
was a long-standing conjecture motivated by Theorem 1.7. It was recently proved by 
Lerner [22]. For a detailed history of this problem, see [2, 3] and the references they 
contain. 

Much less is known about two weight, weak type inequalities for the Riesz potential. 
It has long been known that for singular integrals, a sufficient condition for the weak 
(p,p) inequality is that the weights satisfy 

i j_ 

sup ||w p |kdk p ' \\p',Q < 
Q 

where $ is the log bump = t p \og(e + t) p ~ 1+s (see [5]). It is conjectured that it 
suffices to take $ G B p > (see [3].) Moreover, it was conjectured that the corresponding 
result holds for Riesz potentials. 

Conjecture 1.8. Given a, < a < n, and p, q, 1 < p < q < oo, then the weak type 
inequality (2) holds for every pair of weights (u, a) that satisfy 



sup|Q|" i p\\ui II^qIIo-^Hj^q < oo 
Q 



where $ is a Young function such that $ G B q > . 

Until now, Conjecture 1.8 was only known when $ is power bump (see [1, 6]) or a 
log bump of the form $(t) = t 9 log(e + t) 2g ~ 1+s . (This is proved in [3] when p = q, 
but the same proof works in the case q > p.) In the scale of log bumps the conjecture 
should hold with the smaller exponent q — 1 + 5. Our first result is a proof of this for 
a limited range of values of p and q. 

Theorem 1.9. Given a, < a < n, and p, q, 1 < p < q < oo, suppose 

(9) 4(l--)>l- 

q' \ n/ 

Then the weak type inequality (2) holds for every pair of weights (u, a) that satisfy 

sup|<2|" i p\\ui U,q\\o-^\\p< )Q < oo, 
Q 

where $(t) = t q log(e + t) q ~ 1+s , 5 > 0. 
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The restriction (9) holds when p and q satisfy the Sobolev relationship (1), and 
it also holds for p and q close to these values. It does not hold, however, when 
p = q. This condition appears to be intrinsic to our proof and a new approach will 
be necessary to prove Theorem 1.9 for the full range of p and q. 

Remark 1.10. The proof of the corresponding result for singular integrals is much 
simpler than the proof of Theorem 1.9: it follows by extrapolation from a two weight, 
weak (1, 1) inequality for singular integrals. It is conjectured that a similar inequality 
holds for Riesz potentials, and this would yield a simpler proof of Theorem 1.9. See [3] 
for complete details. 

Remark 1.11. The weak type results for singular integral operators are sharp in 
the sense that they are false if we take 5 = in the definition of $ (see [5]). Though 
it has not appeared explicitly in the literature, the same is true for Riesz potentials. 
For an example involving commutators of Riesz potentials, see [4]. 

By a small modification of our proof of Theorem 1.9 we can extend this result to a 
class of Young functions referred to as loglog bumps (cf. [3]). Our proof builds upon 
the recent work in [7], where a weak type inequality for singular integrals involving 
loglog bumps was proved. 

Theorem 1.12. With the same hypotheses as before, the conclusion of Theorem 1.9 
remains true if = t q log(e + t) 9 " 1 log log(e e + t) q ~ 1+s for 5 > sufficiently large. 

In the scale of loglog bumps, Conjecture 1.8 holds for loglog bumps if we take any 
6 > 0. But again this restriction on 5 seems to be intrinsic to our proof. 

Our second result in this vein is an improvement of Theorem 1.7 in the scale of log 
bumps. We believe that the single condition (8) with a bump on each term can be 
replaced by two conditions, each with a single bump condition. This is referred to as 
a separated bump condition. More precisely, we make the following conjecture. 

Conjecture 1.13. Given a, < a < n, and p, q, 1 < p < q < oo, then the strong 
type inequality (3) holds for every pair of weights (u, a) that satisfy 

sup|<5h " p \\ uq \W,QW 7 \\p',Q < °°> 
Q 

— + - — - II i II 1 

sup|Q|" 9 Hp'IkdkHk.Q < °o, 
Q 

where $, \l/ are Young functions such that $ e B q i and \l/ e B p . 

The motivation for this conjecture is recent work on two weight norm inequali- 
ties for singular integrals. The corresponding conjecture for singular integrals has 
been implicit in the literature, as it is closely connected to a long-standing conjecture 
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of Muckenhoupt and Wheeden, now known to be false. It was recently made ex- 
plicit in [7]; this paper also discusses its connection with the Muckenhoupt- Wheeden 
conjecture. Moreover, the authors also proved the conjecture in the special case of 
log bumps and certain loglog bumps. We can prove these kinds of result for Riesz 
potentials. 

Theorem 1.14. Given a, < a < n, and p, q, 1 < p < q < oo, suppose 
(10) min ^,^(i_^)>i. 



■.p q' / n 

Then the strong type inequality (3) holds for every pair of weights (u, a) that satisfy 

sup|<3|™ i p\\ui U,Q\\o-y \\ p ^Q < oo, 
Q 

— + - — - II i II 1 

SUplQI" 1 P\\W \\q,Q\\(7* r \\i!/,Q < OO, 

Q 

where = t q log(e + t) q ~ 1+5 and V(t) = t p ' log(e + t) p '- 1+5 . 

Theorem 1.15. With the same hypotheses as before, the conclusion of Theorem l.lJf. 
remains true if 

$(t) = t q log(e + if" 1 log log(e e + t) q ~ 1+s 
= t p ' log(e + ty'' 1 loglog(e e + t) p '- 1+5 
for 5 > sufficiently large. 

Similar to the restriction in Theorem 1.9, (10) includes p and q that satisfy the 
Sobolev relationship (1) but does not extend to include the case p = q. 

Finally, as an application of our weak type results we can prove a two weight, 
Sobolev inequality. Such inequalities follow immediately from our strong type results 
and the well-known inequality 

|/(*)|</i(|V/|)(x). 

However, by the truncation method of Maz'ya [26] (see also [11, 25]), a strong type 
inequality for the gradient can be deduced from a weak type inequality for the Riesz 
potential. The following corollary to Theorem 1.9 can be proved exactly as [20, 
Theorem 2.7]. (See also [3, Lemma 4.31].) 

Corollary 1.16. Given p, q, 1 < p < q < oo, suppose ^ > n' . Then for all smooth 
functions f with compact support, 

\f(x)Mx)dx] < / \Vf(x)\ p v(x)dx 
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for all pairs of weights (u, v) that satisfy 



sup|Q|» + 9 p||iHkQlk 



i/p 




Q 



where $(t) = t q log(e + t) q - 1+s . 

Organization. The remainder of this paper is organized as follows. In Section 2 we 
gather some results about dyadic operators that are used in our proofs. In particular, 
we state a sharp dyadic version of Theorem 1.6. In Section 3 we prove Theorem 1.4, 
and in Section 4 we prove Theorems 1.9, 1.12, 1.14 and 1.15. 

Throughout the paper, all of the notation we will use will be standard or defined 
as needed. All cubes in R™ will assume to be half open with sides parallel to the 
axes. Given a cube, Q, £{Q) will denote its side length. Given a set E C M n , \E\ will 
denote the Lebesgue measure of E, w(E) = f E wdx the weighted measure of E, and 
f E wdx = l-E] -1 f E wdx = w(E)/\E\ the average of w over E. In proving inequalities, 
if we write A < B, we mean that A < CB, where the constant C can depend on a, 
p and n, but does not depend on the weights u or a, nor on the function. If we write 
A ~ B, then A < B and B < A. 



In this section we define two dyadic versions of the Riesz potential, and show how 
these can be used to approximate /„. We begin by defining special collections of 
cubes, known as dyadic grids or filtrations. A dyadic grid 3l is a countable collection 
of cubes that has the following properties: 

(1) Qef 4 £{Q) = 2 k for some k e Z, 

(2) Q,Pe@^QnPe{0,P,Q}, 

(3) and for each k G Z the set % = {Q e $ : t(Q) = 2 k } forms a partition of R n . 

The collection of dyadic cubes used to form the well-known Calderon-Zygmund de- 
composition are a dyadic grid, as are all of the translates of these cubes. Below we 
will make extensive use of the dyadic grids 

& = {2" fc ([0, 1)" + m + (-1)4) : k e Z, m G Z d }, t G {0, 1/3}". 

The importance of these grids is shown by the following proposition; a proof can be 
found in [22]. 

Proposition 2.1. Given any cube Q in M. n there exists a t G {0, 1/3}™ and a cube 
Q t G & such that Q C Q t and £{Q t ) < 6£(Q). 

Given a dyadic grid, @, define the dyadic Riesz potential operator 



2. Dyadic Riesz potentials 



(11) 
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Dyadic Riesz potentials were first introduced by Sawyer and Wheeden [30] (see 
also [37]). They proved (essentially) that the Riesz potential lies in the convex hull 
of all the dyadic Riesz potentials. Here we prove a sharper version of this result. 

Proposition 2.2. Given < a < n and a non- negative function /, then for any 
dyadic grid @, 



Note that as a corollary to Proposition 2.2 we have that I a f is pointwise equivalent 
to a linear combination of dyadic Riesz potentials: 



Proof. Fix a non-negative function f,xE W 1 , and a dyadic grid S> . Let {Qk}kez be 
the unique sequence of dyadic cubes in *3) such that £(Qk) = 2 fc and x G Qk- Let 
/ > and N > 1. Then 




f(x)<I a f(x). 



Conversely, we have that 




te{o,i/3} n 




e(Q)<2 N 




N i r N i r 

= E ^ru^ / f(y)dy+ E ttttt^ / f(y) d v 

k= ^ \Qk\ » JQk\Qk-i k =-oo n J Qk-i 




e(Q)<2 N 




£(Q)<2 N 



Since a < n we can rearrange terms and take the limit as N — > oo to get 



lZf(x)<I a f(x). 
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To prove the second inequality, let Q(x,r) be the cube of side-length 2r centered 
at x. By standard estimates (see, for example [20]), 

U(x) < 2 n ~ a V(2" fc ) n " a / f(y) dy. 

By Proposition 2.1, for each fceZ there exists t G {0, l/3} n and Qt G 3> l such that 
Q(x,2 k ) C Q t and 

2 k+1 = i(Q) < £(Q t ) < 6£(Q(x, 2 k )) = 12 ■ 2 k . 
Since £(Q t ) = 2 j for some j, we must have that 2 k+l < £(Q t ) < 2 k+3 . Hence, 



f(y) dy 

>Q(x,2 k ) 



~E E tt^izb [ f(y)dy-XQ(x) 

t7Z^ r rr,^„ ~z. \Q\ n Jo, 



fcGZ tG{0,l/3}" Qe®' 

2 fe + 1 <£('Q)<2 fc + 3 



S E E]gpfX /(l/)dy ' X0(a;) 

te{0,i/3}™ Qe0« 



< max /„ /(#)• 

~ te{o,i/3}™ 



□ 



We now show that in the definition of I® we can replace the summation over 3l by 
a summation over a subset of the dyadic grid whose members have good intersection 
properties. We call such a subset a sparse family (cf. [14, 22]). Given a dyadic grid 
@, a subset S C fi? is a sparse family of dyadic cubes if for every Q <E S, 

(12) | |J Q'\ < \\Q\- 

Q'es 

If S is a sparse family and we define the sets 

E(Q) = Q\( U Q')' ^ GlS ' 

Q'es 

then the collection {_E , (Q)}q Gi s is pairwise disjoint and for each Q, 

(13) |£(Q)| < \Q\<2\E(Q)\. 

Though the terminology is recent, particular sparse families have long played a role 
in the applications of Calderon-Zygmund theory. See, for example, [10, Chapter 4, 
Lemma 2.5] or [3, Appendix A]. 
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Given a, < a < n, and a sparse family 5 C f, define the sparse dyadic Riesz 
potential 

J2/(*) = £lGI 5 / fdy-XQ(x). 

Qes J Q 

The connection between dyadic Riesz potentials and their sparse counterparts is given 
by the following result. The ideas underlying the proof are not new: they are implicit 
in [20, 30, 37]. 

Proposition 2.3. Given a bounded, non-negative function / with compact support 
and a dyadic grid @, there exists a sparse family S such that for all a, < a < n, 

Proof. Let a = 2 n+1 . For each fceZ define 

Then for every P G @ such that f p fdy ^ 0, there exists a unique k such that 
P G Q k . Therefore, 

l °i f = E i P ii-g fdyxp 

pes I™ n Jp 

= EEipf?//^-xp<E flfc+1 E i p i-- xp. 

Now let iSfc be the collection of disjoint, maximal cubes Q G & such that 

f dx > a k . 

(Such a collection exists since S> is a dyadic grid and / is bounded and has compact 
support.) Let S = [J k Sk- Then for every P G Q k there exists Q £ S k such that 
Q D P. Hence, we have that 

l!f(x)<aJ2a k J2J2\ P \-XP^)- 
The inner sum can be evaluated: 



k QeS k Pes> 

P<ZQ 



\P\* ■ Xp{x) = J2 E l P l f • M*) = T~2^ lQl " ' XQ{X) 



PS® r=0 PS®:PC£ 

PCQ £(P)=2-r£(Q) 

Moreover, since a fc < j Q f dy if Q G <Sfe, we have that 
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Finally, we show that S is sparse. If Q £ S, then Q £ Sk for some k £ Z; hence, 
by the maximality of the cubes in S, 

U «'| = E WK;? E Jf^<- k jf^<-\Q\ = - 2 \Ql 



Q%Q Q'QQ Q'cq 



□ 



As a consequence of Propositions 2.2 and 2.3, to prove our main results it will 
suffice to work with a general dyadic grid Ql and a sparse Riesz potential If . To prove 
bounds for if we will use a dyadic version of Theorem 1.6 due to Lacey, Sawyer, and 
Uriarte-Tuero [19] that gives precise bounds in terms of testing conditions. To state 
their result, we need a definition. Given a dyadic grid 2i and R £ 3>, let 

QCR 

For 1 < p < q < oo and a pair of weights (u, a) define 

[u,a)f lS)p , q = sup aiRy^f f I s J R \ XR a) q udx) 

R£& V JR J 



Proposition 2.4. Fix a, < a < n, and p, q, 1 < p < q < oo. Let ^ be a dyadic 
grid and let S be a sparse subset of Given any pair of weights (it, a), the following 
equivalences hold: 

l|j£(" CT )l|x*(<r)-»-£8>°°(tO - [v,u\®sy, P i 
p)\\lv{*)^l*{u) ^ [uMfigyp* + [aAygyj- 

3. Proof of Theorem 1.4 

Our main result in this section is the following. 

Theorem 3.1. Given a, < a < n, and p, 1 < p < n/a, define q by (1). Suppose 
(it, a) is a pair of weights with [u, o~]a s{p) < oo, ^ is a dyadic grid with sparse subset 
S. If u £ Aoo, then 

( 14 ) Mf lSJ ^<[u,a}lju}i x 

The constant in (14) is independent of the Qi and S. 

The operator if is self adjoint; hence, by symmetry we also have the dual testing 
condition 

i i 
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provided a G A^. By Propositions 2.1, 2.3 and 2.4, Theorem 1.4 follows at once 
from Theorem 3.1. 

The proof of Theorem 3.1 requires three lemmas. To state the first we define 
fractional maximal operator with respect to a dyadic grid 3. Given a, < a < n, 
and a non-negative measure [i on IR n define 

M *J{%) = sup , / \f\ d ^ ■ Xq{%)- 

Lemma 3.2. Given a, < a < n, and p, 1 < p < n/a, define q by (1). If the 
measure fi is such that /i(lR n ) = oo, then M® '■ L p (n) — > L q (fi). If p — 1, then 

The proof of Lemma 3.2 is standard: see [39] for a = and [27] for < a < n. 

The second Lemma is a fractional Carleson embedding theorem. We do not believe 
that this result is new; however, we give the short proof because we were unable to 
find it in the literature. 

Lemma 3.3. Given a dyadic grid 3) and a non-negative measure ji such that /i(M n ) = 
oo, suppose {cq}q £ @ is a sequence of nonnegative numbers satisfying 

J2c Q <A[i(R), Re 3. 

QCR 

Given a, < a < n, and p, 1 < p < n/a, define q by (1). Then for all non-negative 
functions /, 

r Y /q 

Proof. The second inequality follows at once from Lemma 3.2. To prove the first, 
without loss of generality we may assume that / is bounded and has compact support. 
Let (@, v) be the measure space with v(Q) = cq, and define 



Then 



POO 

]T c Q • (<*„,„(/, Q)) q = q / A^V({Q e ^ : a a>M (/, Q) > A}) dA. 

Let 17a = {Q £ ^ : a a,fj,(f,Q) > A} and fi A be the set of all maximal (with respect 
to inclusion) dyadic cubes R such that a a ^(f,R) > A. Then the cubes in fl* x are 
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pairwise disjoint, each Q G Vt\ is contained in some R G Vt\, and 

U R={M r tj>\}. 

Hence, 

Qen x R£fi* x qcr Ren* x 

and so 




□ 



The last lemma is a crucial exponential decay estimate in the spirit of the John- 
Nirenberg inequality for BMO functions. Similar estimates can be found in [16, 
Lemma 5.5] and [18, Lemma 3.15]. Our proof is simplified because we are able to 
take advantage of the sparse family of cubes. . 

Lemma 3.4. Let S be a sparse family of cubes. For any cube Rq and every k > 1, 



(15) [x G R : J2 > k } 



< 2~ k \Ro\. 



QQRo 



Proof. Given Rq, set S(R ) = {Q G S : Q C .Rq}. Let ^i(i? ) be the collection 
of all maximal cubes in S(Rq). Define &k+i(Ro) inductively to be the collection of 
all Q G S(Rq) that are maximal with respect to inclusion and such that there exists 
Q' G ^k(Ro) with Q C Q' . In other words, &k+i{Ro) is the collection of maximal 
cubes that are properly contained in the members of &k(Ro)- We will refer to the 
members of &k as "cubes at the k-th level down" . Let 

= |J Q. 

Qd^k(Ro) 

We claim that 

jx G R Q : Y Xq(x) > k } = 
QeS(Ro) 

Notice that the function 

fR ( x ) = Xq{x) 
QeS(R ) 
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is an integer valued function that counts the number of cubes in S(Rq) that contain 
x. With this in mind it is easy to see that 



QeS(Ro) 

To see the reverse inclusion, note that if 



x 



QeS(Ro) 



then x belongs to at least k + 1 cubes of S(R ), so x must belong to a cube in 
<^fc + i(i?o). Finally, by the sparsity condition on the family S(Rq) and the disjointness 
of the families ^k(Ro) we have 

l^fr-n I ^ — \Qk I — l^*'— 1 1 *^ • ■ • *v — — I Oi I < — - |/?n I . 

I K+J-l — rjl «l — ^1 re i| — — 9fcl A l — ok' u| 



□ 



Remark 3.5. We note one identity from the proof of Lemma 3.4 that we will use 
below: 

{x G R : > k } = U 

where &k+\{Ro) is the collection of maximal cubes in S contained in Rq at the 
(k + l)-th level down. 

Proof of Theorem 3.1. To prove (14), fix R G 9 and let S(R) = {Q e S : Q C R}. 
It will suffice to show that 



(16) 



( j R I S J R) (xnur'ad X ) W < MZXZ< R ) W - 



To estimate the operator if we need to decompose the family S(R) into a 
collection of smaller sets. The first step allows us to "freeze" (i.e., gain local control 
of) the ^4 s (p) constant of u. For each a G Z define 

Q a := \Q G : T < ( I u dx V ( I a dx^j 7 < 2 a+1 

J Q J Q 

The set Q a is empty if 2 a > [it, cr]^ , so we may assume that 



-oo < a < log 2 [u, <t]]{* w = r(u). 
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In particular, we have that 

r(u) 

(17) £2" <[«,*; 



1/9 



Our next step is to perform a Corona decomposition of S(R) similar to that in [18]. 
Given a, let Cq be the set of maximal cubes in Q a . For each k > 1, define the set 
C£ by induction to be the (possibly empty) collection of cubes Q G Q a such that 
following three criteria are satisfied: 

(1) there exists P G C%_ x containing Q, 

(2) the inequality 



|QI"f udx > 2\P\" + udx 
Jo Jp 



holds, 

(3) and Q is maximal with respect to inclusion in Q a . 

Set C a = UfcCfej we refer this set as the collection of stopping cubes for the Corona 
decomposition of Q a . C a can be thought of as the collection cubes in Q a whose 
fractional average increases by a factor of two when passing from parent to child 
in C a . 

By the maximality of the stopping cubes, given any Q G Q a there exists a smallest 
P G C a such that P D Q and the reverse of inequality (18), 

(19) \Q\nf udx < 2\P\nf udx, 

Jq Jp 

holds. Denote this cube P by U a (Q). For each P G C a let 

Q a (P) = {QeQ a : U a (Q) = P}. 

Then inequality (19) holds for all Q G Q a {P). 

Finally, we want to control one more value: for every integer b > and P G C a , 
let Q a b {P) be the set of Q G Q a {P) such that 

(20) 2~ b \P\%-f udx < \Q\nX udx < 2~ b+1 \P\n-f udx. 

Jp Jq Jp 

By the above definitions, we have that 

r(u) oo 
S(R) = [J Q", Q"=U Q a (P), Q a (P) = |J Q a b (P), 

a=-oo PeC a 6=0 

and each of these unions is disjoint. Therefore, we can decompose the operator as 
follows: 
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r(«) oo 

i s J R) -= E EE E \q\H»*°-x q 

a=-ocP£C a 6=0 QgQ?(P) ® 



r(u) 



< 



a=-oo 6=0 PeO ^ P QGS£(P) 



For each k > 0, define 



E b a (fc,P) = {xeP: fc< ^ X Q (x)<A; + l} 



QeQ£(P) 

and 



F b a (k,P) = {xeP: X Q (x)>k}. 



Then we have that 



- oo oo „ 

I S a iR) (u)< E E 2 ^E(^ +1 ) E \ P \H Udx-XE^P) 
a=-oo 6=0 fc=0 PGC a ^ P 

r(u) oo oo „ 

^ E E 2 ~ 6 E( fc+1 ) E \ p \H udx-xr^P). 

a=-oo 6=0 fc=0 PeC a P 

Hence, by Minkowski's inequality, 
(21) ( [ {I^uYadx 



R 



< 

no 



r(u) oo oo / \ W 

E E 2 " b E^ +1 ) / (E i p i f / «^- %W p))^^ 

a=-oo 6=0 fc=0 PeC° ^ P / 



To estimate the last term, we will first show that for each a, b and k, 

W 

>(k,P)\ &dx ] 



(22) ( I \P\S-fudx-xw 



< ( E (i p i-/ udx Y ■°(m,p))) 

\Pec a J p J 



To prove this, note that since the cubes in C a are stopping cubes, the set of x G R 
that belongs to infinitely many P G C a has measure zero. Fix x G R not in this 
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set, and let {Pi}™ be the stopping cubes such that P C Pi C ■ • ■ C P m C R and 
x G F£(k, Pi). By the definition of the stopping cubes we have that 



udx<2~ l \P \ n-j- U dx. 



Therefore, 



( E l P l"T udx ■ XF£(k,P)(x)^ = (^2\ P i\*f udx ) 

TCI f n / n f 

< (E 2 ~T( |PoI t udx Y <2P ' E (J p 't udx ) P XF>>(k,p)(x)- 

i=o ^ Pi) Pec a J p 

If we integrate this quantity over R with respect to a dx we get inequality (22). 
To continue, suppose for a moment that we have the exponential decay estimate 

(23) a(K(A;,P))<2- c V(P). 
Then by inequalities (22) and (23) we have that 

\ W 
(I^ R) u) p 'adxj 

r(u) oo oo / , \ W 

* E E 2 ~ 6 E 2 ^ + 1 ) E (\P\Hudx) P .a{P)\ 

a=-oo 6=0 fc=0 \PeC a P J 

r(«) / , , \W 

(24) ^ E E (i p i f / Mrfa; ) P -^ p ) • 

a=-oo \PeC a P / 

To estimate the final sum, note first that by the definition of Q a , if P G C a , 

s(q')-l 



Therefore, we have that 

p'u(P) s ^a(P) 



(25) (|P|S £ud x y-a (P) = (-^j / p X B »dx 



|PK<?') 



w(P) 1 ^ 



<2 ap '( / Xfi-w^^fP). 



p 



For cubes Q G ^, define the sequence {cq} by 

u(Q) QeC c 



C Q 



Q £ C a . 
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We claim this is a Carleson sequence and 

(26) E c «~Ma^(P). 

QCP 

Fix a cube P; since C a C S(R), 

£> Q < U (Q)^ E 17T |E(g)| - / m (xp«)^<Ma^(p). 

QCP Qe5(fl) Qes(R) Jp 

QCP QCP 

Therefore, if we combine inequalities (24) and (25), then by Lemmas 3.2 and 3.3 
and inequality (17) we have that 

/ r \ 1/p ' r(u) / / 1 r sp' ^ w 

r(«) \ / r \ i/p' 



£ Mt'f it 2 *) if M® u ( XR uT'udx) 

Va=-oo / 



To complete the proof it remains to prove inequality (23): for a, b, k, fixed and 
P G C a , 

a(F b a (k,P))=a({xeP: £ > *}) < 2" dfc a(P). 

QeQ£(P) 

If x G Fg(k,P), then clearly x E Q for some Q G Q^(P). Therefore, if we let 
be the collection of maximal, disjoint cubes Q G 0%(P) contained in P, we have that 

(27) a({xGP: ]T Xg (a:) > fc}) = ^ ^({x G M : ]T Xq(^) > ^} 
QeSg(P) Mei' QeQ^(p) 

QCM 

Fix M G ^# and notice that the family of cubes Q G <2&(P) is a sparse family of 
cubes contained in P. For each M G as in Lemma 3.4 (see Remark 3.5) we may 
write 

{xGM: X Q {x)>k}= |J L 

QsSg(P) Le,i? k+1 (M) 
QCM 

where the union is made up of maximal cubes in contained in M at the (k + l)-th 
level down. 
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For any cube, Q G Qg(P) (and in particular if Q = L G &> k+1 (M) or M G ) by 
the definition of Q a (P) and (20) we have that 



(28) „ {Q) ^T*^(^y\Q\i^\ 

Therefore, we can estimate as follows: by one side of inequality (28), with Q = L 
a({xEM: ^ Xq { x ) > k}) = ^ a{L) 

QCM 



1-a p_ 



u(P) 
since 1 + ^ > l 

n q — ' 



/ /I P|l-~\ si / x 



Le^ fe+ i(M) 



tt(P) 



JeS»(P) 
QCM 



by inequality (15) and the other half of inequality (28) with Q = M, 



< 2 ap' 2 ^f^l_iy 2 -^f+l))| M |ff+l 

\ u(P) / 
<2~<^a(M). 
If we combine this inequality with (27), we get 

a({xGP: XQ(x) > < a d x e M : Xq{x) > k}) 

QeQg(P) M6.# <36QJ(P) 

QCM 

< 2~ ck a (M) 

< 2~ ck a(P) 

as desired. □ 
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4. Logarithmic bump condtions 

In this section we prove Theorems 1.9, 1.12, 1.14 and 1.15. We first consider the 
results for log bumps. 

Theorem 4.1. Fix a, < a < n, and 1 < p < q < oo such that ^(1 — ^) > 1. 
Suppose = t q log(e + t) 9_1+<5 /or some 5 > and (u, a) is a pair of weights that 
satisfy 

a , 1_ 1 1 1 

K = sup \Q\ n 1 » \\ui ||$,q||0-^||p',q < oo. 
Q 

Then for every dyadic grid @ with sparse subset S, 

(29) [aMlsy, P ><K. 

Similarly, if | ^1 — ^ ^ > 1, = t p ' log(e + t) p ' _1+<5 and i/ie pazr (u, a) satisfies 

— + 1 1 II 1 II 

Ji=sup|Q|™ 5 HP*|| P ,Qlk 7 lk,Q < oo, 

Q 

tnen for every dyadic grid 10 with sparse subset S, 

(30) [u,(r]f Ig)P , q <K. 

As in the previous section, Theorems 1.9 and 1.14 follow immediately from Theo- 
rem 4.1 and the results in Section 2. 

For the proof of Theorem 4.1 we need three lemmas. The first is classical: see [3, 34]. 
Lemma 4.2. Given a Young function $, for every cube Q and functions / and g, 

f \fg\dx < \\fU, Q \\gU tQ . 

J Q 

To state the second, we need a definition. Given a Young function $ define the 
corresponding maximal function, 

M$f(x) = sup 

The following result is due to Perez [31] (also see [3]). 
Lemma 4.3. Given a Young function $ and any p, 1 < p < oo, 

I|^*/IUp(ir' 1 ) < ||/||lp(r™) 

if and only if $ G B p . 

The third lemma is from [7]. 
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Lemma 4.4. Given q, 1 < q < oo, let $(t) = t 9 log(e + t) q ~ 1+s and = flog(e + 
t) q ~ 1+s / 2 . Then there exists 7, < 7 < 1, such that for every cube Q, 

(31) IMk,Q £ !MI$7qIMI?,q- 

Proof of Theorem ^..1. The proof is very similar to the proof of Theorem 3.1 and we 
will sketch briefly those parts that are the same. As before, we will only prove (29); 
the proof of (30) is the same after making the obvious changes. Fix R £ @. Then it 
will suffice to prove that 

(32) (J {I^uY'ad^j ^ < Ku(R) 1 ^' . 

We decompose the family S(R); however, in the first step there is a significant 
difference. For aGZ define 

Q a := {Q £ S(R) : 2 a < \Q\^'^j u da;) 5 a dx^ V < 2 a+1 |. 

Since ||w«|| g ,Q < H W *||$,Q) by our assumption on (u, a), the set Q a is empty if 
a > log 2 K. Therefore, we will sum over a contained in the set 

n(K) = zn (-oo,io g2 K]. 

With this definition of Q a , for a £ Sl(K), define C a , Q a (P) and exactly as 

before. Then the same argument shows that 

(33) (J (I^u) p 'adx\ ^ 

00 00 / „ , \ Vp 

. — , . — , . . — , / . — , / „ r \ p \ 

< 



E E 2 "E( fc+1 ) E (\p\Hud X ) p -<T{F?{k,p))\ 



aen(K) 
As before we have that 

a(F b a (k 1 P))<2~ ck a(P); 
the proof is essentially the same as the proof of (23): the key difference is that for 
Q £ Qft(-P) we now have 



u{P) 

Moreover, we note that it is in this part of the proof that we use the assumption 
that ^7 (1 — ^) > 1 in order to pull this power out of the sum. (Cf. the argument 
immediately following (28).) If we substitute this into (33), we can now sum in b and 

k to get 
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W 

{I^uf'adx) 

'R J 



(34) ( / {I^ufadx 

oo oo / „ , \ 

aen(-fiT) f>=0 fc=0 \Pec a ^ p / 



s E E {\ p \H udx ) P -°( p )) 



To evaluate the inner sum we apply Lemma 4.4: since cr(P) = |P, P \P\, 
(\P\»j- ud x y a(P) 

= \P\nP' (j udx^ a(P) 

<I^I>'II^II1pII^IH' 0i p^) 

<l^l« p 1l^lliy )p v"llsll^lll>(^) 

Therefore, the inner sum in (34) becomes 

(\p\H udx) P a(p) < K '-n^ ll^llC^I* 

p gC a Jp J \Pec a 



since q'/p' < 1 we may pull this power into the sum, and since the cubes in C a are a 
sparse family we can apply inequality (13) to get 

1/9' 



< K i-^a(j2 \\u7\\^ p \E(P)\ 
\PeC a 

< K^V* ( V / M^{uV XR y'dx 

\p eC a JE{P) 

< K x -^ a ( [ M^ (u7 XR y' dx) lq 



V?' 
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< K l ^2^ a u(R) l/q ' . 
In the final inequality we used Lemma 4.3; we can do this because 

$ (t) « t q ' log(e + t)" 1 "^) 

satisfies the B q i condition. 

Finally, given the factor 2 7a , if we plug this estimate into (34), the final sum in a 
converges and is bounded by K 1 . We therefore get the desired inequality and this 
completes the proof. □ 

Remark 4.5. In the proof of Theorem 4.1 we actually get a sharper, "mixed" esti- 
mate. If we define 

[u, cr]A^ q '■= sup \Q\ ^ J- u dx^j 9 ( X a dx^j F 

then a careful analysis of the constants in the proof shows that we actually get the 
sharper bound 

&^ lSa)q , p ,<K^{u,a}l ?q <K. 

Moreover, if we modify the definition of $o by replacing 5/2 by a suitable constant, 
we can prove that for any e, < e < 1, we can get the bound 

Mf JfK y <C{e)K l -t[u,aY A ^ 

where C(e) — > oo as e — > 1. Details are left to the interested reader. 

We now prove Theorems 1.12 and 1.15. To do so we need to extend Theorem 4.1 
to the scale of loglog bumps. 

Theorem 4.6. The conclusions of Theorem 4-1 remain true with the same hypotheses 
if we replace the Young functions $ and ^> with 

$(t) = t q log(e + tf- 1 log log(e e + t) q ~ 1+s , 

(t) = t p ' log(e + tf'' 1 loglog(e e + tf'- 1+5 , 

where 5 > is taken sufficiently large. 

We will briefly sketch the proof of Theorem 4.6, as it is very similar to the proof 
of Theorem 4.1. The main difference is that we must replace Lemma 4.4 with the 
following result which was also proved in [7]. 

Lemma 4.7. Given q, 1 < q < oo, let 

$(t) = t q log(e + t)^ 1 loglog(e e + t) q - 1+& 

and 

$ (t) = t q log(e + t) 9 " 1 log log(e e + t) q ~ l+s/2 . 



26 DAVID CRUZ-URIBE, SFO AND KABE MOEN 

Then 



' llHlg,Q 



where <fr(t) = \og(C/t) K with n, C constants. Moreover if 5 > is sufficiently large, 
then k > 1. 

Sketch of the proof of Theorem 4-6. We use the same notation as in Theorem 4.1. 
The proof is identical until estimate (34): 

\ W 

W 



OO oo / 

a£Q(K) 6=0 k=0 \PeC a Jp , 

Once again we can sum the series in b and k, and the problem is to sum the series in 
a, where 

a g Q(K) = Zn (-oo, log 2 K]. 
At this stage we use Lemma 4.7 to estimate the last sum. We have that 

{\P\^£ U d x y'a(P) = \P\& (£udxj a{P) < \P\>)\^\\i o JuV \\^ p a(P) 



i \ p' /n -n \ P 

. s + i_i ., I ., // \^\ i \\ uq \\q P 



i 



<[\p\-^Hun^d X y) -n^|| io)P |p|7. 

To estimate this term we need to further divide the sum over P G C a . Recall that if 
P EC a , then 

< |p|f+i-i^ ud x y^j o-d X y < 2 a . 

ill II i 

Moreover, if P G C a then since \\ui \\ q ^p < \\ui ||<j>,p, there exists an integer c, a < c < 
log 2 K , such that 

/. i 

(35) 2 C ~ 1 < |P| f+ ^^||ni|| $ , P (y ad x y < 2 C . 

For each such a and c let C° be the collection of all cubes P G C a such that (35) 
holds. Then we can estimate as follows: 



(j:(\p\-iud X y'.a(p)Y = ( e e (i^/^^W) 

c>a 
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i \ p' 



s £ (E(i p i 5+H iMii^(/ ffd!B )^y 



c>a 



i„ \P' 



« 9 L.p \ ,, i 



If P G C c a , then 



and so 



c>a 



1 

F q \\q,P 
1 

kt« L p 



i 



1 

m> L p 



l + c-a) K 

Given this the rest of proof proceeds exactly as before: we have that 

1/9' 



since 

*o(f) 



< ^(P) W , 



log(e + t) loglog(e e + t) +2 <9-i) 
belongs to P g /. Moreover, the double sum 

^ (l + c-a) K ^ ^ (l + c-a) K ~ 

aeH(X) cen(Jf) v ' c=-oo a=-oo v ' 

c>a 

converges if we assume that 5 is large enough that k > 1. □ 
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